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In this paper we establish the order topology type Antosik–Mikusinski infinite matrix
convergence theorem in quantum logics. As application, we prove the Hahn–Schur
summation theorem in quantum logics, too.
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1. EFFECT ALGEBRA AND ITS ELEMENTARY PROPERTIES

It is well known that the study of measure convergence theory on quantum log-
ics is important for establishing the mathematical foundation of quantum mechan-
ics. Many measure convergence theorems for measures defined on quantum logics
and taking values in Abelian topological groups have been obtained (d’Andrea
and deLucia, 1991; Habil, 1995; Mazario, 2001). Nevertheless, we are much more
interested in those measure convergence theorems for measures which are defined
on quantum logics and take values also in quantum logics. In this paper we present
an elementary tool for studying such problems, that is, we prove an order topology
type Antosik–Mikusinski infinite matrix convergence theorem on quantum logics.
The classical Antosik–Mikusinski infinite matrix convergence theorem has very
extensive applications in studying various topics in functional analysis and mea-
sure theory (Antosik and Swartz, 1985; Swartz, 1996). As application of the new
Antosik–Mikusinski theorem we prove the Hahn–Schur summation theorem on
quantum logics, too.

To model unsharp quantum logics, Foulis and Bennett (1994) introduced the
following famous effect algebras:

1 Department of Mathematics, Zhejiang University, Hangzhou, People’s Republic of China.
2 City College, Zhejiang University, Hangzhou, People’s Republic of China.
3 Department of Mathematics, Seoul National University, Seoul, Korea.
4 To whom correspondence should be addressed at Department of Mathematics, Zhejiang University,
Hangzhou 310027, People’s Republic of China; e-mail: wjd@math.zju.edu.cn.

1905

0020-7748/03/0900-1905/0C© 2003 Plenum Publishing Corporation



P1: FHK/GCY

International Journal of Theoretical Physics [ijtp] pp984-ijtp-472797 October 22, 2003 9:38 Style file version May 30th, 2002

1906 Wu, Lu, and Kim

Let L be a set with two special elements 0, 1,⊥be a subset ofL × L, if (a, b)∈
⊥, we denotea ⊥ b, and let⊕ : ⊥→ L be a binary operation. We say that the
algebraic system (L ,⊥,⊕, 0, 1) is aneffect algebraif the following axioms hold:

(i) (Commutative law) Ifa, b∈ L anda⊥ b, thenb⊥a anda⊕ b= b⊕ a.
(ii) (Associative law) Ifa, b, c ∈ L , a ⊥ band (a⊕ b) ⊥ c, thenb ⊥ c, a ⊥

(b⊕ c) and (a⊕ b)⊕ c=a⊕ (b⊕ c).
(iii) (Orthocomplementation law) For eacha ∈ L there exists a uniqueb ∈ L

such thata ⊥ b anda⊕ b= 1.
(iv) (Zero-unit law) Ifa ∈ L and 1⊥ a, thena= 0.

Let (L ,⊥,⊕, 0, 1) be an effect algebra. Ifa, b ∈ L anda ⊥ b we say thata
andb be orthogonal. Ifa⊕ b= 1 we say thatb is the orthocomplement ofa, and
write b=a′. It is clear that 1′ = 0, (a′)′ =a, a ⊥ 0 anda⊕ 0=a for all a ∈ L.

We also say thata≤ b if there existsc ∈ L such thata ⊥ c anda⊕ c= b. We
may prove that≤ is a partial order onL and satisfies that 0≤a≤ 1, a≤ b⇔ b′ ≤a′

anda≤ b′ ⇔ a ⊥ b for a, b ∈ L. If a≤ b, the elementc ∈ L such thatc⊥a and
a⊕ c= b is unique, and satisfies the conditionc= (a⊕ b′)′. It will be denoted by
c= bª a. If a≤ b buta 6= b, we writea < b.

The above showed that each effect algebra (L ,⊥,⊕, 0, 1) has two binary
operations⊕ andª.

If the partial order≤ of effect algebra (L ,⊥,⊕, 0, 1) defined as above is a
lattice, then the effect algebra (L ,⊥,⊕, 0, 1) is said to be alattice effect algebra;
if for all a, b ∈ L, a≤ b or b≤a, then (L ,⊥,⊕, 0, 1) is said to be atotally order
effect algebra; if for all a, b ∈ L , a < b, there existsc ∈ L such thata < c < b,
then (L ,⊥,⊕, 0, 1) is said to be connected.

Let F ={ai : 1≤ i ≤ n} be a finite subset ofL. If a1 ⊥ a2, (a1⊕ a2) ⊥
a3, . . . and (a1⊕ a2 . . .⊕ an−1) ⊥ an, we say thatF is orthogonaland we de-
fine ⊕F =a1⊕ a2 . . .⊕ an = (a1⊕ · · · ⊕ an−1)⊕ an (by the commutative and
associative laws, this sum does not depend of any permutation of elements). Now,
if A is an arbitrary subset ofL andF(A) is the family of all finite subsets ofA, we
say thatA is orthogonal ifF is orthogonal for eachF ∈ F(A). If A is orthogonal
and the supremum

∨{⊕F : F ∈ F(A)} exists, then⊕A =∨{⊕F : F ∈ F(A)}
is called the⊕-sum ofA.

An effect algebra is complete, if for each orthogonal subsetsA of L, the
⊕-sum⊕A exists; if for each countable orthogonal subsetB of L, the⊕-sum⊕B
exists, then we say that the effect algebra isσ -complete.

2. ORDER TOPOLOGY OF EFFECT ALGEBRAS

A partial order set (3,¹) is said to be adirected set, if for all α, β ∈ 3, there
existsγ ∈ 3 such thatα¹ γ , β ¹ γ .
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If (3, ¹) is a directed set and for eachα ∈ 3, aα ∈ (L ,⊥,⊕, 0, 1), then
{aα}α∈3 is said to be a net of (L ,⊥,⊕, 0, 1).

Let {aα}α∈3 be a net of (L ,⊥,⊕, 0, 1). Then we writeaα ↑, whenα¹β,
aα ≤ aβ . Moreover, ifa is the supremum of{aα : α ∈ 3}, i.e.,a = ∨{aα : α ∈ 3},
then we writeaα ↑ a.

Similarly, we may writeaα ↓ andaα ↓ a.
If {uα}α∈3, {vα}α∈3 are two nets of (L ,⊥,⊕, 0, 1), for u ↑ uα ≤ vα ↓ v

means thatuα ≤ vα for all α ∈ 3 anduα ↑ u andvα ↓ v. We writeb ≤ uα ↑ u if
b ≤ uα for all α ∈ 3 anduα ↑ u.

We say a net{aα}α∈3 of (L ,⊥,⊕, 0, 1) isorder convergentto a pointa of L
if there exists two nets{uα}α∈3 and{vα}α∈3 of (L ,⊥,⊕, 0, 1) such that

a ↑ uα ≤ aα ≤ vα ↓ a.

Let F = {F : F = ∅ or F ⊆ L and for each net{aα}α∈3 of F such that if
{aα}α∈3 is order convergent toa, thena ∈ F}.

It is easy to prove that∅, L ∈ F and ifF1, F2, . . . , Fn ∈ F , then
⋃n

i=1 Fi ∈ F ,
if {Fµ}µ∈Ä ⊆ F , then

⋂
µ∈Ä Fµ ∈ F . Thus, the familyF of subsets ofL define

a topologyτ L
0 on (L ,⊥,⊕, 0, 1) such thatF consists of all closed sets of this

topology. The topologyτ L
0 is called theorder topologyof (L ,⊥,⊕, 0, 1) (Birkhoff,

1948).
We can prove that the order topologyτ L

0 of (L ,⊥,⊕, 0, 1) is the finest
(strongest) topology onL such that for each net{aα}α∈3 of (L ,⊥,⊕, 0, 1), if
{aα}α∈3 is order convergent toa, then{aα}α∈3 must be topologyτ L

0 convergent to
a. But the converse is not true.

When (L ,⊥,⊕, 0, 1) is a lattice effect algebra, Riecanova (1999) proved the
continuity of⊕ andª with respect to the order topology as follows:

Theorem A. If (L ,⊥,⊕, 0, 1) is a lattice effect algebra, then a net{aα}α∈3 of
(L ,⊥,⊕, 0, 1)has

(1) If aα ≤ b′ for all α ∈ 3 and{aα}α∈3 convergent to a with respect to the
order topologyτ L

0 , then{aα ⊕ b} convergent to a⊕ b with respect to the
order topologyτ L

0 .
(2) If b ≤ aα for all α ∈ 3 and{aα} convergent to a with respect to the order

topologyτ L
0 , then{aα ª b} convergent to aª b with respect to the order

topologyτ L
0 .

(3) If aα ≤ b for all α ∈ 3 and{aα} convergent to a with respect to the order
topologyτ L

0 , then{bª aα} convergent to bª a with respect to the order
topologyτ L

0 .

From Theorem A we can prove the following important conclusion:
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Theorem 1. Let (L ,⊥,⊕, 0, 1)be a totally order effect algebra. If A= {ak}k∈N

is orthogonal⊕-summable, then{an}n∈N is order topologyτ L
0 convergent to0.

In fact, since (L ,⊥,⊕, 0, 1) is a totally order effect algebra,{[0, h) : h ∈ L}
is a neighbourhood basis of 0 of the order topologyτ L

0 . Leta = ⊕A =∨{⊕n
k=1ak :

n ∈ N}, for eachh ∈ L , 0 < h and note that{⊕n
k=1ak} ↑ a. Then it follows from

Theorem A that there existsn0 ∈ N, such that forn0 ≤ n,

0≤ aª (⊕n
k=1 ak

)
< h .

So forn0+ 1≤ n we have

an =
(
aª (⊕n−1

k=1 ak
))ª (aª (⊕n

k=1 ak
)) ≤ aª (⊕n−1

k=1 ak
)

< h .

This shows that{an}n∈N is order topologyτ L
0 convergent to 0. This completes the

proof.
The following lemmas and definition will be used in this paper.

Lemma 1. If (L ,⊥,⊕, 0, 1) is a σ -complete effect algebra,{ai } and {bi } two
orthogonal⊕-summable sequences of L and for each i∈N, bi ≤ai . Then we have

∨n∈N
{⊕n

i=1 (ai ª bi )
} = ∨n∈N

{⊕n
i=1 ai

}ª∨n∈N
{⊕n

i=1 bi
}
.

Proof: Let ai ª bi = ci . Then{ci } is an orthogonal sequences ofL, by theσ -
completeness ofL , ∨n∈N{⊕n

i=1ci } exists. Note thatbi ⊕ ci =ai , so we have

∨n∈N
{⊕n

i=1 ai
} = ∨n∈N

{⊕n
i=1 bi

}⊕∨n∈N
{⊕n

i=1 ci
}
.

Thus, we have

∨n∈N
{⊕n

i=1 (ai ª bi )
} = ∨n∈N

{⊕n
i=1 ai

}ª∨n∈N
{⊕n

i=1 bi
}
.

The lemma is proved. ¤

Lemma 2. If (L ,⊥,⊕, 0, 1)is aσ -complete totally order connect effect algebra,
then for each h∈ L , 0 < h, there exists an orthogonal⊕-summable sequence{hi }
of L such that∨n∈N{⊕n

i=1hi } < h.

In fact, since (L ,⊥,⊕, 0, 1) is a totally order connect effect algebra, so there
existsh1, h0 ∈ L, such that 0< h1 < h0 < h . For h0ª h1, there existsh2 ∈ L
such that 0< h2 < h0ª h1. Similar, there existsh3 ∈ L such thath3 < (h0ª
h1)ª h2. Inductively, we can obtain an orthogonal sequence{hi } of L such that
for eachn ∈ N,⊕n

i=1hi < h0. It following from the σ -completeness ofL that
∨n∈N{⊕n

i=1hi } exists and∨i∈N{⊕n
i=1hi } ≤ h0 < h . This lemma is proved.
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Definition 1. Let (L ,⊥,⊕, 0, 1) be a totally order effect algebra. We say that the
sequence{an}n∈N of L is aτ L

0 -Cauchy sequence, if for eachh ∈ L , 0 < h , there
existsn0 ∈ N such that whenn0 ≤ n, n0 ≤ m, if an ≤ am, thenamª an < h ; if
am ≤ an, thenan ª am < h .

3. MAIN THEOREM AND ITS PROOF

We now prove the order topology type Antosik–Mikusinski infinite matrix
convergent theorem on theσ -complete totally order connect effect algebras.

Theorem 2. Let (L ,⊥,⊕, 0, 1) be a σ -complete totally order connect effect
algebra, ai j ∈ L for i , j ∈ N. Suppose

(I) {ai j } is order topologyτ L
0 convergent to aj for each j∈ N;

(II) For each i ∈ N, {ai j } j∈N is an orthogonal sequence of L, and for each
strictly increasing sequence of positive integers{mj }, there is a subse-
quence{nj } of {mj } such that the sequence{⊕ j ain j }i∈N is a τ L

0 -Cauchy
sequence.

Then{ai j } is τ L
0 convergent to aj uniformly for j ∈ N. In particular,

the diagonal{aii } is τ L
0 convergent to0.

Proof: If the conclusion fails, there existh ∈ L , 0 < h and two strictly increasing
sequences of positive integers{pk}and{qk} such that for allk ∈ N, h ≤ aqk ª apkqk

whenapkqk ≤ aqk ; h ≤ apkqk ª aqk whenaqk ≤ apkqk . Without loss generality, we
may assume that for allk ∈ N, aqk ≤ apkqk , i.e.,

h ≤ apkqk ª aqk , k ∈ N (1)

By Lemma 2, we can chooseh1, h2 ∈ L , 0 < h1, 0 < h2 such thath1⊕ h2 <
h. Note that for eachj ∈ N, {api qj } isτ L

0 convergent toaqj . Therefore, there exists a
subsequence{mi }of {pi } such that for eachi ∈ N, if aqi ≤ ami qi , thenami qi ª aqi <
h1; if ami qi ≤ aqi , thenaqi ª ami qi < h1.

Note that whenaqi ≤ ami qi , it follows from (1) thatami qi ª aqi < h1 < h ≤
api qi ª aqi , soami qi ≤ api qi ; whenami qi ≤ aqi , it follows from (1) also thatami qi ≤
aqi < api qi . Thus, for alli ∈ N, ami qi ≤ api qi .

On the other hand, ifaqi ≤ ami qi , then

api qi ª aqi =
(
api qi ª ami qi

)⊕ (ami qi ª aqi

)
. (2)

If ami qi ≤ aqi , then

api qi ª aqi ≤ api qi ª ami qi (3)
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Thus, if we can prove that for sufficient largei , api qi ª ami qi ≤ h2, then it fol-
lows from (2) and (3) that for sufficiently largei , api qi ª aqi < h . This contradicts
(1), which proves this theorem.

Now, let us consider the infinite matrix (xi j )i , j∈N, wherexi j = api qj ª ami qj

if ami qj ≤ api qj ; xi j = ami qj ª api qj , if api qj ≤ ami qj . It follows easily from the
condition (I) and Theorem 1 that the matrix (xi j )i , j∈N has the following properties:

(i) {xi j }i∈N is order topologyτ L
0 convergent to 0 for eachj ∈ N;

(ii) {xi j } j∈N is order topologyτ L
0 convergent to 0 for eachi ∈ N.

Now, we show that wheni is sufficiently large,xii ≤ h2.
If not, there exists an increasing sequence of positive integers{ri } such that

for eachi ∈ N, h2 < xri ri . Without loss of generality, we may assume that for all
i ∈ N,

h2 < xii . (4)

By Lemma 2, we can take an orthogonal⊕-summable sequence{gi }of L such
that∨n∈N{⊕n

i=1gi } < h2; and for eachgi , we can take an orthogonal⊕-summable
sequence{gi j } of L such that∨n∈N{⊕n

j=1gi j } < gi .
Let l1= 1. Then it follows from the properties of (i) and (ii) that we can find

an indexl2 such thatxli l j < gi j for i , j = 1, 2, andi 6= j . By induction we can find
an increasing sequencel i such that

xli l j < gi j , i , j ∈ N, i 6= j . (5)

It follows from the condition (II) that we can obtain a subsequence{si } of {l i },
without loss generality, we may also assume that the subsequence{si } is just{l i },
such that the sequence{⊕ j ail j }i∈N is aτ L

0 -Cauchy sequence. So the subsequence
{⊕ j ali l j }i∈N of {⊕ j ail j }i∈N is also aτ L

0 -Cauchy sequence.
Let h0= h2ª ∨n∈N {⊕n

i=1gi }. Then there existsi0∈N such that wheni0≤
i1, i0≤ i2, if ⊕ j ali2 l j ≤ ⊕ j ali1 l j , then ⊕ j ali1 l j ª (⊕ j ali2 l j )≤ h0; if ⊕ j ali1 l j ≤
⊕ j ali2 l j , then⊕ j ali2 l j ª (⊕ j ali1 l j )≤ h0.

Without loss generality, we may assume that⊕ j almi0
l j ≤ ⊕ j al pi0

l j , so

⊕ j al pi0
l j ª

(⊕ j almi0
l j

)≤ h0. (6)

Let 41={ j : j ∈N, almi0
l j ≤al pi0

l j }, 42={ j : j ∈N, al pi0
l j < almi0

l j }. Then
41∩42=∅ and41∪42=N. Furthermore, it follows from Lemma 1 that

∨ j∈41

(⊕ j al pi0
l j ª almi0

l j

)ª ( ∨ j∈42

(
almi0

l j ª al pi0
l j

))
= ⊕ j al pi0

l j ª⊕ j almi0
l j ≤ h0.

Thus, it follows from the definitions of{gi } andh0 thatal pi0
l pi0
ª almi0

lmi0
< h2.

This contradicts (4), which proves this theorem. ¤
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Now, we apply Theorem 2 to prove the Hahn-Schur Theorem on Effect
Algebras.

Theorem 3. Let (L ,⊥,⊕, 0, 1) be a σ -complete totally order connect effect
algebra, for each i∈N, {ai j } j ∈N be an orthogonal sequence of L. If for each
subset4 of N, the⊕-sum sequence{⊕ j∈4ai j }i∈N is order topologyτ L

0 convergent,
then{ai j } j∈N are uniformly⊕-summable with respect to i∈N.

Proof: If not, there exist ah∈ L , 0< h , and a sequence of finite sets{4k} of N
such that max4k < min4k+1 for all k∈N, a strictly increasing positive integers
sequence{i k} such that

h ≤ ⊕ j∈4kaik j , k ∈ N. (7)

Using Theorem 2, we can easily prove that (7) is impossible. The theorem is
proved. ¤
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